We present a new type of self-tuning mechanism for 6d brane world models in the framework of string theory. In our self-tuning mechanism the fine-tuning between brane and bulk parameters is not required, and the brane tensions are not restricted by equations of motion or matching conditions at the boundary. More importantly, in the weak coupling limit g s → 0, the bulk geometry is practically unchanged by an introduction of the Standard Model(SM)-brane, and consequently it is virtually unaffected by the quantum corrections to the brane tension due to the dynamics of the SM degrees of freedom. To admit such solutions we introduce an NS-brane (a codimension-2 brane) which, serving as a "background brane" on which our SM-brane is to be placed, determines the background geometry of the internal (transverse) dimensions. In the absence of the branes the 2d transverse space(≡ Σ 2 ) is basically a cylinder for both λ = 0 and λ = 0, where λ represents the bulk cosmological constant. But once we introduce the NS-brane, Σ 2 turns into an orbifold (or a manifold) which is closed at the origin of the coordinates; for instance, R 2 /Z n (or R 2 ) when λ = 0, while a cigar-type orbifold when λ < 0. So introducing the NS-brane corresponds to introducing an background orbifold on Σ 2 . The 4d effective Planck scale M pl , on the other hand, is determined by the brane tension(s) V (0) and the size η max of the internal space in our models. For instance, in the case λ = 0, it is given by M 
I. Introduction
Inspired by the fact that the SM fields in string theory should be confined to the D-brane [1, 2] , it was proposed that our universe may be a topological wall (3-brane) imbedded in a higher dimensional spacetime (bulk) [3] . This "brane world" scenario has drawn considerable attention over the last few years since it provides a mechanism for solving the longstanding puzzles such as the cosmological constant problem [4] or the hierarchy problem [2] . For instance, a 5d model was presented in [5] where the SM vacuum energy (or the brane tension) "warps" only the 5d bulk spacetime and does not affect the geometry of the brane itself, so the brane is kept flat regardless of the value of the brane tension. In this model, the desired T eV physical mass scale can be obtained from the fundamental Planck scale ∼ 10 19 GeV through an exponential hierarchy generated by an exponential "warp" factor. Similar models also have been considered in 6d [6] . These models provide a nice way to address the hierarchy problem, but they require fine-tuning between brane and bulk parameters in order to admit static solutions which are flat in the 4d brane sector. Since these models are not free from the fine-tuning, a separate discussion would be necessary in order to meet the cosmological constant problem.
In this context, models without fine-tuning (or self-tuning models) have been proposed both in 5d [7, 8, 9] and 6d [10, 11, 12] . In particular, in [13] it was argued that the selftuning of the cosmological constant is generic in 5d theories with no more than two branes coupled to a scalar field as well as gravity. The idea of self-tuning mechanism in 5d is that if in some cases the number of free parameters in the bulk solution is greater than the number of matching conditions (including orbifold boundary conditions), then one can find solutions where the brane tension can take any arbitrary value without changing geometry of the brane, and quantum corrections to the brane tension do not disturb the flatness of the brane. However, the presence of the bulk cosmological constant Λ leads to a reintroduction of the fine-tuning between Λ and the brane tension except for a particular case [8] . Also, 5d models generally involve a naked singularity from a finite proper distance from the brane [9, 13] .
As mentioned above, self-tuning models also have been proposed in 6d. The self-tuning mechanism in 6d is different from that in 5d. Generally, 6d solutions have a desirable property that the brane tension does not affect the 4d effective cosmological constant; it only induces a deficit angle in the transverse space. The above 6d models are worth noticing in this respect. But still, certain kinds of fine-tunings are necessary in these models. For instance, a fine-tuning of bulk parameters is needed in [11] to obtain a sufficiently small value for the 4d cosmological constant, or a flux quantization causes a reintroduction of the fine-tuning between brane and bulk parameters in [12] . Besides this, there have been some claims [14] that these 6d models are not really the self-tuning models; they are indeed fine-tuning models. In this paper, along this line of studies, we will consider 6d brane world solutions in the framework of string theory. The solutions suggest that the 6d (or more generally (3 + p)d) string action admits a new self-tuning mechanism distinguished from the conventional ones. Further conventional works in 6d can be found in [15] .
II. Reduced action
Though the aim of this paper is to work out 6d solutions, most of our discussion will proceed in (3 + p)d spacetime. One may be mostly interested in the case of p = 3, but at this point we will not fix the value of p. The low energy string action in (3 + p)d is given by
where 2κ 2 = 1/2M 1+p 3+p in terms of the (3 + p)d Planck scale M 3+p , and Φ is the (3 + p)d dilaton. To obtain equations of motion from the action (1) it is convenient to follow the lines of [16] . We take the (3 + p)d metric to be of the form 
where d x 2 p = dx 2 1 + · · · + dx 2 p is the line element of the p-brane, while
represents a 3d subspace(≡ Σ 3 ) with coordinates y a ≡ (t, r, θ). We will assume that the 3-form field H A 1 A 2 A 3 in (1) vanishes except for the components along the subspace Σ 3 :
Also in (3), θ is an angular variable with 0 ≤ θ ≤ 2π, and (r, θ)(≡ y) are polar coordinates representing the 2d transverse space(≡ Σ 2 ). At this point we implicitly assume that the geometry of the transverse space Σ 2 is locally R 2 around r = 0. But later we will see that the geometry of Σ 2 is not necessarily R 2 even locally. The metric (2) is of the most general form with a pd Poincaré symmetry on the brane sector. In fact the field degrees of freedom of the metric (2) (together with (3)) are redundant. For instance the factor e A could be absorbed into dŝ 2 3 , but it has been introduced for the later use. Now notice that the scale factors in (2) and (3) all depend only on r. We will also assume that H A 1 A 2 A 3 and Φ are functions of r alone. That is, we are considering a p-brane solution which is rotationally symmetric in Σ 2 . Since the fields do not depend on the coordinates x i along the p-brane, the (3 + p)d action in (1) can be reduced to a 3d action defined in the subspace Σ 3 . By choosing (recall that e A was a surplus degree of freedom)
we obtain a reduced action where the 3d effective dilaton φ is absent and the kinetic term forĝ ab has the standard Einstein form without coupled to φ:
In (6),R is the 3d Ricci-scalar obtained fromĝ ab , so the first term in (6) is a standard Hilbert-Einstein action for the 3d gravityĝ ab , while the remaining terms constitute an effective matter action that gives a contribution to the energy-stress tensor T ab of the Einstein equations forĝ ab . The indices in (6) are all raised or lowered withĝ ab .
III. Field equations
The bulk equations of motion off the brane can be obtained from the reduced action in (6) . But in order to include the effect of the brane we need to introduce a brane action. The dilaton-coupled brane action is most generally written as
where V (Φ) is an arbitrary functional of Φ, and g µν is a pullback of G AB to the (p + 1)d brane world:
Upon using (5) and (8) , the action I brane is converted into
and where the 2d delta-function δ 2 ( y − y 0 ) has been normalized by
In (10), g 2 represents the determinant of the 2d metric associated with coordinates defined on Σ 2 . The branes described by (9) are p-branes. But in the present paper, we will begin our discussion with a (p + 1)-brane (codimension-1 brane), instead of beginning with the p-brane (codimension-2 brane). The (p + 1)-brane can be introduced by simply replacing the 2d delta-function δ 2 ( y − y 0 ) in (9) by a 1d delta-function δ(r − r 0 )/2π √ g 2 . Such a (p + 1)-brane appears as a circle of certain radius, while p-brane simply as a point. In this paper the p-branes are introduced in two different ways; (i) by directly taking a point at the origin of the coordinates (Sec.VII), and (ii) by shrinking the circle (the (p + 1)-brane) to a point (Sec.VIII).
The field equations with a codimension-1 brane are now obtained from the total action I total ≡ I red + I brane with δ 2 ( y − y 0 ) replaced by δ(r − r 0 )/2π √ g 2 . In the covariant form they are written as (a) 3d Einstein equations :
with
where H 2 ≡ H a 1 a 2 a 3 H a 1 a 2 a 3 , and t ab follows from the action I brane in (9).
(b) Equations for Φ and B :
(c) Equation for 3 − form field :
The solution to (16) consistent with the Bianchi identity is found to be
and substituting (3) and (17) into the Einstein equations in (11) gives the following three independent equations of motion:
where the "prime" denotes the derivative with respect to r. Similarly, from (14) and (15) one obtains
IV. Field equations in a new coordinate system
Equations from (18) to (22) constitute a complete set of linearly independent equations of motion. Now we set
which (together with (5)) converts (2) into
For h = f (and with Φ = (p − 1)B/4), (24) takes the usual form of the black brane. But we will not consider this case here. In this paper we are only interested in the case of h = 1, i.e., the solution preserving (p + 1)d Poincaré invariance. It corresponds to the extremal black p-brane of the 10d-superstring model. By substituting (23) into Eqs. from (19) to (22) and comparing with one another, one obtains
Equation (25) shows that the (p + 1)d Poincaré invariance (h = 1) is preserved only when H 0 = 0. In what follows we will set
i.e., the 3-form field H A 1 A 2 A 3 is absent in our case. Due to (26), Eqs. from (18) to (22) are no longer linearly independent; only four of them are. Omitting (20), one finds that the remaining field equations reduce to the following set of four linearly independent equations:
1 In obtaining (27) - (30) we have used the well-known formula δ(r(ρ)) = i δ(ρ − ρi)/|dr/dρ|ρ=ρ i with ρi the simple zero(s) of r(ρ). In our case we are allowed to use this formula. Note that f (r) in (3) is a surplus degree of freedom associated with the reparameterization invariance (i.e., the invariance under r → r ′ = F (r)) and we can take it as we wish. For instance, we can take f = ZR0/ξR so that (31) becomes dρ = dr, and therefore r = ρ − ρ0; i.e., ρ0 is a simple zero of r(ρ).
where ρ, ξ and Z are defined, respectively, by
while C 1 and C 2 are abbreviations of
In the above equations it was assumed that delta-function sources arise from a codimension-1 brane located at ρ = ρ 0 . But we want our SM-brane to be a codimension-2 brane, we will finally convert the codimension-1 brane into a codimension-2 brane by shrinking ρ 0 → 0. By inspecting (33) together with (27) and (29) one finds that Z must satisfy
and similarly from (28), (29) and (32)
Also in terms of the new variable ρ the metric (24) is rewritten as
where we see that the transverse space Σ 2 is now represented by (ρ, θ) instead of (r, θ).
V. Off the brane
In the absence of delta-function sources (i.e., off the brane) the solution to the differential equations in the previous section can be readily found. Using (35) (without the delta-function term), one can show that the most general solution to the set of source-free equations of motion following from (27), (28), (29) and (36) takes the form
where
and from (35)
Also by (38), the metric now takes the form
In addition to this, one has to check whether the solution (38) satisfies (30) either. For λ = 0, substituting (38)(together with (39) and (40)) into (30) gives consistency conditions
where α ξ is given by
(see (32), (38) and (39)). The condition (42) is in fact consistent with the definition of Z; substituting (38) into (33) immediately gives i 2 R i B , which is just equivalent to (42). Now by (43), the function Z in (40) is rewritten as
and subsequently from (39) and (45), one obtains
For λ = 0, however, Z is simply
and substituting (38) (together with (39) and (49)) into (30) gives
where (42) has been used in obtaining (50). Also, from (39) and (49) one finds
VI. Setup for self-tuning scheme
Having found the solution without delta-function sources, we turn to the equations of motion with delta-function terms. The general solution to the set of equations (27), (28), (29) and (36) with delta-function sources also takes the form (38), but now with the equation
where a M and c M are constants, but θ(ρ − ρ 0 ) is an ordinary step function defined by
Though a M and c M are both constants, there is an essential difference between them. While c M are simply integration constants at this point, a M are V (0)-dependent constants determined by the delta-function terms. Substituting (38) (together with (35) and (53)) into (27), (28), (29) and (36) gives
where C i (0) represent the values of C i (B, Φ) at the position of the brane. Equation (55) shows that the constants a M are directly related to V (0)(≡ V (Φ(ρ 0 ))) and dV (0)/dΦ through (34). But note that a M bear no relation to the bulk cosmological constant λ, indicating that there is no fine-tuning between V (0) and λ.
The function Z must be also replaced by the solution with delta-function source. One finds that (35) can be solved most generally by
whereb andĉ are integration constants, and the last term accounts for the delta-function term in (35). The solutions with delta-function sources must reduce to the solutions without delta-function sources off the brane. On either side of the brane (i.e., at ρ < ρ 0 and ρ > ρ 0 ), (53) indeed reduces to (39) with α M identified by
and similarly (56) reduces to (40) with
Now consider the matching conditions at ρ = ρ 0 . First, the condition Z ′ II (ρ 0 )−Z ′ I (ρ 0 ) = −2a ξ following from (35) (where the "prime" denotes the derivative with respect to ρ), and the continuity Z I (ρ 0 ) = Z II (ρ 0 ) are automatically satisfied by (40) with b and c given by (58). Similarly, the conditions [
following from the set of equations (27), (28), (29) and (36) with delta-function sources (together with (35)) are also automatically satisfied by the definition (39) of i M with α M given by (57). So the only matching condition that we have to care for is the continuity of i M (ρ), i M I (ρ 0 ) = i M II (ρ 0 ), which will be examined separately in Sec.VIII. In the result the constants a M , c M ,b,ĉ, and ρ 0 (including d M and e M ) are not fixed by the matching conditions.
Besides the matching conditions, we have to also consider the consistency conditions; i.e., (42) and (43) for λ = 0 case, and (50) for λ = 0 case. First, Eq.(43) does not impose any restriction on α ξ or α B because b and c are arbitrary. Equation (42), on the other hand, requires a definite relation between α R and α B . However, it does not restrict a R or a B either; by (55) and (57), it reduces to 2c R + c B = 0 in both regions I and II, which is, however, automatically satisfied by (A.8). Similarly, (50) does not restrict a M . After all, we find that the constants a M are not restricted by boundary (i.e., matching) conditions or equations of motion. They are entirely arbitrary, indicating that there is no fine-tuning of V (0).
VII. Constants c M and orbifolds
Let us turn to the geometry of the bulk spacetime. In Sec.IV, we found that the 6d metrics would take the form of Eq.(41) with i M given by (47) or (51) according to whether λ = 0 or λ = 0. Also, in Sec.IV, it was assumed that the only brane introduced on Σ 2 was the codimension-1 brane at ρ = ρ 0 with a tension V (0) (≡ brane A). Equations (47) and (51) show that the geometry of the bulk spacetime is essentially determined by α M through the constants I M , J M , a and b. The constants α M , however, contain the integration constants c M (see (57)) besides the V (0)-dependent constants a M , and the geometrical meaning of c M is not quite obvious at this point. To find the physical interpretation of c M , suppose that we have an extra brane (≡ brane C) at ρ = 0 in addition to the brane A at ρ = ρ 0 . If we "turn off" the tension of the brane A (i.e., if we set a M = 0), then the only deltafunction contribution comes from the brane C located at ρ = 0. The brane C would be a codimension-2 or codimension-1 brane depending on whether the 2d transverse space Σ 2 is closed at ρ = 0 or not. But since we are mostly interested in the cases in which Σ 2 is closed, we will proceed with our discussion on the assumption that the brane C is a codimension-2 brane (however, the discussion of this section also holds even in the case where the brane C is a codimension-1 brane). The equations of motion and the corresponding solution to this case have been addressed in Appendix. Comparing (A.12) with (39) (together with (57)), one finds that the constants c M in (57) are the same constants that appear in (A.12); i.e., c M in (57) arise from the tension of the brane C introduced at the origin ( ρ = 0) of the coordinates.
The geometry of Σ 2 in the case c M = 0 is quite different from that of the case c M = 0. For c M = 0 (and a M = 0), the constants α M vanish, and from (39) we see that i M are simply constants, and therefore Σ 2 becomes a cylinder (see (41)). So, without loss of generality, the metric can be written as
for both cases of λ = 0 and λ = 0. Now the constant R 0 represents a radius of the cylinder.
In the case c M = 0 (and a M = 0), on the other hand, the metric for λ = 0 takes the form
where the constants d M have been taken to be d ξ = d B = 1, so that (60) reduces to (59) as α M (= c M ) → 0 (note that d Φ has not been fixed yet; it is still arbitrary). Similarly, for λ = 0,
and in this case the requirement that (61) must reduce to (59) as α M → 0 implies
The metrics (60) and (61) have a significant property as compared with (59); Σ 2 closes at ρ = 0 (in the thin brane limit) with a suitable choice of the integral constants. In (60), Σ 2 obviously closes atρ = a (or at ρ = 0 if we take a + b/2λ = 0) if I ξ < 0. In the case of (61), Σ 2 also closes for J ξ < 0 at ρ = 0 if we take c = 0. Nonzero constant a + b/2λ (≡ −ǫ) or c may correspond to the nonzero thickness of the brane. Explicitly, from (60) and (61), the thickness τ b of the brane is given by τ b = R 0 [ǫ/(2a + ǫ)] −I ξ for λ = 0, and τ b = R 0 (using (62)) for λ = 0. So the thin brane limit can be obtained by taking ǫ → 0 in the case λ = 0, while taking R 0 → 0 (with c → 0) in the case λ = 0. As an example, consider the case J ξ = −1/2 (i.e., the case λ = 0), which is of particular interest. In this case we can shrink R 0 by taking R 0 = constant × e ξ (note that c → 0 implies e ξ → 0 for J ξ = −1/2), then Σ 2 becomes R 2 with or without a conical singularity at ρ = 0. In order to see this, let us consider a coordinate change
By (63), the metric (61) can be converted (for η ≥ 0) into
where η 0 is defined by e M = (2/bη 0 ) 2J M . In the limit c → 0, the point(s) ρ = 0 corresponds to the point η = 0, so Σ 2 closes at ρ = 0. For J ξ = −1/2, we set
then the 2d metric of Σ 2 becomes
where β is an arbitrary dimensionless constant associated with a deficit angle δ defined by δ = 2π(1 − β). So if we choose β = 1, Σ 2 is simply R 2 . But if we choose, for instance, β = 1/n, then Σ 2 becomes an orbifold R 2 /Z n . Such orbifolds are thus characterized by a set of constants c M and β, and where the constants c M are especially associated with the tension of the brane C (a codimension-2 object) introduced at ρ = 0. This shows that introducing a codimension-2 object ρ = 0 is equivalent to orbifolding Σ 2 ; i.e., cut off the cylinder (i.e., Σ 2 in (59)) at η = 0, identify η with −η (see (63) and (67)), and shrink the circle of radius R 0 into a point (in the thin brane limit), then construct an orbifold with a certain deficit angle determined by β. Notice that the constant β is a free parameter; it can be chosen to have any arbitrary value we want. This makes a striking contrast with the conventional case where the deficit angle varies directly as the brane tension(s).
In the case of λ = 0, the η-coordinate is defined bŷ
By (67), the metric (60) can be converted into a convenient form
which shows that Σ 2 is "cigar" type for λ < 0, and the deficit angle δ may be defined for
, and consequently the deficit angle vanishes if we set R 0 = 2/ √ −λ. For λ > 0, on the other hand, the metric diverges as η → π/ |λ|, and η is restricted to 0 < η < π/ |λ| (but note that the case λ > 0 will be excluded from our discussion. See Sec.XII).
The whole discussion of this section over the geometry of Σ 2 also holds in the case where both a M and c M are nonzero. The only difference is that c M should be replaced by α M = c M + a M when both a M and c M are nonzero. Also, note that (64) and (68) do not contain the parameters a and b. They have been absorbed into the coordinate variable η, and do not appear in the metric. This will be a crucial point in our V (0)-independent self-tuning scheme. Finally, the dilaton Φ is written in the ρ-coordinate frame as
where d Φ and e Φ are arbitrary dimensionless constants.
VIII. Matching conditions for i M (ρ)
In the previous section we observed that the 2d background space Σ 2 is characterized by a set of constants c M and β, and especially c M are associated with the tension of the brane C at ρ = 0. Let us go back to the case where a M = 0 and c M = 0, which is now understood as a configuration that a codimension-1 brane (=the brane A whose tension is now "on") is placed at ρ = ρ 0 of Σ 2 , while the codimension-2 brane (=the brane C) at ρ = 0. The 6d metrics in this case are still represented by (60) and (61) (or (64) and (68)), but this time the constants α M , b and c are given by (57) and (58). In Sec.VI, it was argued that the only matching condition to consider is the continuity of i M (ρ), i M I (ρ 0 ) = i M II (ρ 0 ), which is now written as
for λ = 0(note that the constants d ξ and d B have been taken to be
for λ = 0. Let us now take the limit ρ 0 → 0, and suppose that Σ 2 is closed at ρ = 0. That is, in the thin brane limit, the brane A (a circle at ρ = ρ 0 ), being converted into a codimension-2 brane (i.e., shrinks to a point), is now placed upon the brane C at ρ = 0, which especially means that the region I (i.e., the region ρ < ρ 0 ) is automatically removed from Σ 2 , so we need concern ourselves only about the region II (ρ > ρ 0 ). The matching conditions in (70) and (71) now become
for λ = 0, and e M I (c I )
for λ = 0. Equation (72) gives a relation between arbitrary constants ǫ I and ǫ II , and it is trivially satisfied in the limit ǫ I,II → 0. 2 Equation (73) also identically satisfied by (62). Thus, the matching conditions (72) and (73) do not impose any new restriction on the integration constants.
IX. Constants I M and J M
In Sec.VII, we have seen that 6d metrics of the bulk spacetime can be written in the a (or b)-independent forms. In the η-coordinates frame, the parameters a and b are absorbed into η and do not manifest themselves in the metrics (they only appear in Φ). This suggests that as far as the bulk geometry is concerned, the parameters a and b are not important and the bulk geometry depends on V (0) only through the constants I M and J M . The constants I M and J M , on the other hand, depend on V (0) through the constants α M . For instance, in the case where α M = c M (i.e., a M = 0 and c M = 0), I M and J M are written as
and using (A.5) and (A.8) one finds that
and similarly for J M . In (75), V C (0) represents the tension of the brane C. From this section, we will make a distinction between V A (0) and V C (0) if necessary in order to avoid confusion. Also, we will set p = 3 for the simplicity of expressions. Equation (75) shows that the values of I M and J M explicitly depend on the dilaton coupling V (Φ). In general (and in particular, for the case of D3-branes [8] ), V (Φ) is expected to be a power series of the form
when the quantum corrections to the brane tension are controlled by the dilaton. Thus in this case, I M and J M are complicated functions of Φ(0) with an infinite number of terms. This means that the bulk geometry is affected by all orders of quantum corrections of the perturbative expansion. But there is an exception to this. For tree-level dilaton coupling (or in the case of the Neveu-Schwarz(NS)-brane) of the form
the constants I M in (75) reduce to simple functions of b 0 alone:
The constant V 0 has been all cancelled out and does not appear in (78). Thus I M are now independent of the brane tension, and in particular for NS-branes (b 0 = −2) they simply become
and similarly for J M . But still, such cancellations of V (0) do not occur for the dilaton coupling (76). Now turn to the case where both a M and c M are nonzero; a M = 0 and c M = 0. In this case, α M II is the sum of a M and c M ; α M II = a M + c M (see (57)), and the constants I M and J M can be written as
and
where l is a dimensionless constant defined by
Since α BII and α ξII are combinations of V A,C (0) and dV A,C (0)/dΦ, the constant l defined by (82) would generally depend on V A,C (0) and dV A,C (0)/dΦ, or equivalently on infinite numbers of V (A,C) n 's, the n-th coefficients of V A,C (0). Thus from (80) and (81), we see that I M and J M would also depend on V A,C (0) through (and only through) the constant l.
X. Special cases
For α M = 0, the metrics (64) and (68) can be both written in the form
but where, if I ξ , J ξ > 0, thenR(η) diverges as η → 0, which means that the transverse space Σ 2 does not close at η = 0. So, if we want Σ 2 to be closed at η = 0 (i.e., if we want R(η) → 0 as η → 0), we have to restrict the range of I ξ and J ξ to
which also implies (see (80) and (81))
Until the last section we have obtained families of self-tuning solutions characterized by the parameter l for both λ = 0 and λ = 0. Among these solutions, l = 0, ±∞ and α M = 0 correspond to the special cases. First, for l = 0 (assuming that ǫ λ = −1, ǫ ξ = ∓1), (80) and (81) become
so in this case the wrap factor is just a constant: W (η) ≡ 1. This corresponds to the models in which the metric is factorized and described by a product of the (3 + 1)d spacetime with a 2d internal space. In particular, for λ = 0, the metric reduces (upon taking β = 1) to (see (64))
a flat metric R 2 × M 4 , where M 4 is the 4d Minkowski spacetime. Note that NS-brane also takes the same values for I M and J M (see (79) and (84)), which means that NS-brane corresponds to the case l = 0. For l = ±∞, on the other hand, we have
i.e., the metric admits a nontrivial warp factor this time, butR(η) becomes a constant instead. So in this case the geometry of Σ 2 becomes S 1 × S 1 or R 1 × S 1 depending on whether η is compact or not; i.e., Σ 2 is a torus, or a cylinder with an infinite length. Finally, the case α M = 0. From (46) and (50), α M = 0 implies a = b = 0, and with these a and b the coordinate transformations (63) and (67) are not allowed. So the metrics (64) and (68) are not relevant to this case and we have to go back to (60) and (61). In Sec.VII, we have seen that the 6d metrics reduce, for α M = 0, to a flat metric of the form
for both λ = 0 and λ = 0. This is interesting. (89) implies that in the absence of the brane(s) the bulks spacetime is flat irrespective of the values of λ. That is, the bulk spacetime is sensitive to the bulk cosmological constant λ only if the brane(s) is present in the bulk.
XI. V(0)-independent bulk geometry
In Sec.VI, we have seen that solutions described by (38) are basically self-tuning solutions. In other words, this means that solutions of the form (41) can exist where the intrinsic geometry of the brane is not affected by the change of the brane tension V (0). But (41) suggests that though the (p + 1)d Poincaré invariance of the brane is preserved under V (0) → V (0) + δV (0), the geometry of the bulk spacetime could depends on V (0) through the constants α M (see (34), (55) and (57)). Indeed, this is what happens in the ordinary self-tuning models, where the geometry of bulk spacetime is always affected by the change of V (0). For instance, in 6d models, the presence of a flat brane of tension V (0) causes a deficit angle in the transverse dimensions the magnitude of which is proportional to V (0). Thus a change δV (0) necessarily causes a corresponding change in the deficit angle, and this could lead to a failure of the self-tuning scheme. Such a thing, however, can be avoided in our case. Virtually V (0)-independent solutions exist in our models. In this section we will show that the bulk metric (64) and (68) can be practically invariant against the shift δV (0) in certain limits of the string coupling g s .
For a M = 0 and c M = 0, the relation (82) can be expressed in terms of V A (0) and V C (0) as
where U (0) represents a sum of V A (0) and
, each of which is assumed to take the form
Substituting (91) into (90) gives an ∞−th order equation for g s (≡ e Φ(0) ):
and g s is the string coupling on the brane
d Φ and e Φ are arbitrary parameters and can be chosen properly so that g s in (94) coincides with the given value of the string coupling on the brane. As mentioned before, (90) (and therefore (92)) suggests that l would depend on infinite numbers of V (A) n and V (C) n ; i.e., solving (92) for l (assuming that (92) can be solved) gives l in terms of V (A) n and V (C) n for a given value of g s . Since the bulk geometry depends on l (through the constants I M and J M , see Sec.IX), this implies that the bulk geometry necessarily depends on V (0).
Though we wish to solve (92) for l for a given value of g s , it is convenient to begin our discussion with an assumption that (92) is the n−th order (∞−th order in fact) equation for g s . To solve (92), first consider the case in which the brane A and brane C are both D3-branes (note that we want the brane A to be a D3-brane with SM fields living on it). In what follows we will concentrate our attention only on the case l → 0 which is of our main interest as compared with other cases (for instance, note that Σ 2 becomes a cylinder as l → ∞, which is not closed at ρ = 0). When both branes are D3-branes (b
n takes a simple form:
and (92) can be written as
For (96) to admit real solutions for g s , cancellations must occur among an infinite number of terms in (96), and this plausibly happens when g s is of the order V (A,C)
. So in the weak coupling limit g s → 0 (and for l → 0), one can hardly expect that (96) admits real solutions for g s . Besides this, adding an extra D-brane (i.e., the brane C) to the existing D-brane (the brane A) leads to an unwanted result; the internal gauge group living on the existing D-brane is necessarily affected by the presence of the new D-brane.
Let us turn to the case in which the brane A is a D3-brane, while the brane C an NS3-brane 3 (b
(97) has a peculiar form; it looks quite different from (96). The n-th order coefficients V (A) n appear as the (n + 1)-th order coefficients in (97). Equation (97) admits real solutions representing the weak coupling limit g s → 0 for a certain value of l. Neglecting higher-order terms for a moment (and assuming that l is not infinitely large), one finds that the first two terms in (97) can cancel each other when l V 
This is important. (98) implies that l should take a very small value in the weak coupling limit provided that V (in string theory, they both take the value V (A,C) 0
0 , then l should be as small as l ∼ 10 −16 . For such a small value of l, the values of I M and J M are practically not different from their values with l = 0, which means that I M and J M , and consequently the bulk geometry are practically independent of l.
To see this explicitly, consider the case λ = 0. For λ = 0, the geometry of Σ 2 with only an NS3-brane is exactly locally R 2 (which corresponds to l = 0) 4 with or without deficit angle (see (79)). Let us now introduce the brane A, and suppose that V 0 . Such an introduction of the brane A increases l from l = 0 to l ∼ 10 −16 , but the corresponding change in J ξ is only a fraction 10 −32 , which can be ignored as compared with unity. That is, the geometry of Σ 2 is virtually unchanged by an introduction of the brane A. It practically remains to be R 2 .
Though it is not of our main interest we can also consider the case l → ∞. In this limit, (97) can be rewritten as
3 It could be a dimensionally reduced NS5-brane of the type IIB and heterotic string theories. For instance, we can consider a subsector of the NS5-brane wrapped on 2d compact (internal) space which is not Σ2. See for instance [17] . 4 This can also be checked from (97). For V which admits a solution for g s of order unity,
In this case the geometry of Σ 2 returns to a cylinder (R 1 × S 1 or S 1 × S 1 ) by the introduction of the brane A, but becomes insensitive to the small change in l.
Once l (so the geometry of Σ 2 ) is determined at the tree-level for the given values of V (A,C) 0 , the effect of the higher order terms can be taken into account by adding δl to l, where δl is the shift in l due to quantum corrections to the brane tension of the SM-brane(i.e., the brane A). As is obvious from (97), δl is at most of order g 2 s ∼ 10 −32 , while l ∼ g s ∼ 10 −16 . So the effect of δl on the bulk geometry (i.e. on I ξ or J ξ ) is only a fraction 10 −48 (note that δJ ξ = − 1 2 δ(1 + l 2 ) −1/2 ∼ = 1 2 l δl, and similarly for δI ξ ), which is completely negligible as compared with unity. Consequently, the geometry of the bulk spacetime is practically insensitive to the quantum fluctuations of the SM fields with support on the SM-brane. 5 So far we have implicitly assumed that (92) can be solved for g s . But in reality, it is impossible to solve the ∞−th order equation, and we are only allowed to solve the n-th order equation with finite n (perhaps for n ≤ 4). For instance, if n = 2, the equation takes the formĉ
n do not include g s . (100) admits real solutions for g s as long as the condition
is met. For (97), the condition (101) reads
and the solutions for g s will be
Note that (102) does not lead to a fine-tuning of V for l → ∞, which both correspond to the strongly coupled case and should perhaps be discarded in the framework using perturbation. 5 There is an alternative scheme where the stability of the bulk geometry against quantum fluctuation is controlled by the string coupling gs. That is, we can consider a situation where the shift δV (0) due to quantum fluctuation is compensated by (the change of) gs, while l remains unchanged under δV (0). This can be achieved by solving (92) for gs, so the parameter depending on V (A) n and V (C) n would be gs, instead of l. Such a scheme is not quite new. In some sense, it can be regarded as a generalization of the argument in [8] , saying that given a solution for one value of the brane tension V0, there will be a solution for any value of V0 obtained by absorbing shifts in V0 with shift in Φ.
XII. For finite 4d Planck scale
In this section we finally consider the 4d Planck scale M pl . For the metric (41)(or (83)) it is given by
where we have used the relation i ξ = i
The finiteness of (104) is closely related with the localization of the zero mode of the 4d graviton. In order to evaluate the integral (104) let us consider the case λ = 0 first, which is natural and perhaps the most important case (compared with λ = 0 cases) in string theory. For λ = 0, the integral dρ i −1 B evaluated from ρ = 0 to ρ = ∞ diverges unless J B > 1, or equivalently
Obviously, (105) can not be satisfied in any case (i.e., with any value of l), so we need to cut off the integral in order to prevent it from diverging. In our case this can be accomplished by placing a second brane (≡ brane B = a codimension-1 brane) 6 at a finite distance from the first two branes (≡ brane A and brane C) at ρ = ρ 0 (= 0). This is opposed to the case of [8, 9] in which the integral was cut off by a singularity.
Adding an extra brane(the brane B) to our scheme is straightforward. What we have to do is just to replace the terms C i δ(ρ − ρ 0 ) by C sections can be applied just as it is to the present case where ρ is cut off by the branefor any I B ). So in the case λ < 0, we also need to introduce the second brane somewhere between ρ = 0 and ρ = ∞. After this, M 2 pl is calculated to give
As is the case with λ = 0, M pl is given in terms of the brane tensions and the size of the extra dimensions. In terms of M s , it is written as
XIII. Summary
In this paper we have presented in the framework of string theory a new type of selftuning mechanism for 6d brane world models. In this self-tuning mechanism the fine tuning between brane and bulk parameters is not required. Also the brane tension(s) is not restricted by the equations of motion or the matching conditions at the boundary. Our brane world models essentially contain two extra branes, one of which (= D4-brane ≡ brane B) is needed to make the 4d planck scale M pl finite, and the other (= NS3-brane ≡ brane C) serves as a "background brane" on which our SM-brane(= D3-brane ≡ brane A) is to be placed. But even in the presence of such extra branes, no fine-tuning is necessary between the brane tensions.
According to our models, 6d string action admits families of singularity free self-tuning brane world solutions characterized by a continuous parameter l. Among these solutions, the special cases are given by l = 0, ±∞, and also by α M = 0: (1) l = 0 corresponds to the solution with constant warp factor W (η) = 1, so in this case the spacetime is factorizable and described by a product of the 4d spacetime with a 2d internal space. In particular, for λ = 0, it is a flat metric
3 ), where β is an arbitrary dimensionless constant associated with deficit angle. (2) For l = ±∞, the metric admits a nontrivial warp factor, but in this case the scale factorR(η)(≡ √ G θθ ) becomes a constant, thus the metric takes the form
In the absence of the branes(α M = 0), W (η) andR(η) are both constants, so the metric takes the form
3 ) irrespective of the values of λ. This is worth noticing because it suggests that the bulk spacetime is insensitive to the bulk cosmological constant λ in the absence of the brane(s). Namely, the bulk cosmological constant manifests itself only when the brane(s) with non-zero tension is present in the bulk. This result partially coincides with the conjecture in [19] which suggests that a (negative) cosmological constant has no effect on strings in 3d (note that the action (1) is also effectively 3d after integrating over p-brane) and perhaps a solution with a cosmological constant in string theory is equivalent to one without.
Most importantly, in our models the bulk geometry (as well as the flat intrinsic geometry of the branes) is practically insensitive to the quantum fluctuations of the SM-fields with support on the SM-brane. To admit such solutions we introduced an NS3-brane(= brane C) which, as mentioned above, serves as a background brane on which our D3-brane (SMbrane) is to be placed. The transverse space Σ 2 is basically a cylinder for both λ = 0 and λ = 0 (see the case (3) above) in the absence of the brane(s). But once we introduce the brane C, it turns into an orbifold (or a manifold) which is closed (in the thin brane limit) at ρ = 0. Namely, upon introducing the brane C, Σ 2 becomes R 2 with (or without) a certain deficit angle in the case λ = 0, while it becomes a cigar-type manifold (also with or without a deficit angle) in the case λ < 0 (the case λ > 0 is excluded from our solutions, see Sec.XII). Note that both of these correspond to l = 0 case (the geometry of Σ 2 with only an NS3-brane corresponds to l = 0 case), and these geometries of Σ 2 do not depend on the (magnitude of the) tension of the brane C. The deficit angle is also independent of the tension of the brane C; it is arbitrary as opposed to the case of other 6d models. Thus in our case, introducing the brane C corresponds to introducing a background orbifold (for instance, R 2 /Z n in the case λ = 0), which can be chosen arbitrarily by taking an appropriate deficit angle. Now we place the SM-brane (D3-brane) on the orbifold singularity at ρ = 0. Such an introduction of the D3-brane usually affects the geometry of Σ 2 due to the tension of the D3-brane, and in our case the effect of the brane tension on the geometry of Σ 2 is entirely expressed in terms of the parameter l. So l takes a nonzero value in the presence of the D3-brane, while it vanishes in the absence of the D3-brane. In our models, however, the increment in l due to the introduction of the D3-brane is negligibly small. In the weak coupling limit g s ∼ 10 −16 , it is only of an order 10 −16 . Consequently, the shift in l due to quantum corrections to the brane tension due to the dynamics of the SM fields on the D3-brane is even smaller than this; it is only δl ∼ g 2 s ∼ 10 −32 , which implies that the change in the exponent of the scale factor of the bulk metric is only a fraction ∼ 10 −48 , which is completely negligible compared with unity. So the geometry of the bulk spacetime is practically insensitive to the quantum fluctuation of the SM fields with support on the brane.
Finally, the 4d Planck scale M pl is not directly related with the 6d Planck scale M 6 in our models; the terms M 4 6 cancel out in the equation, and M pl is given in terms of the brane tension(s) and the size of the extra dimensions. In particular, for λ = 0, it is given by M 2 pl ∼ V (0) η 2 max /8, which reduces to M 2 pl ∼ [1/8(2π) 3 ] M 4 s η 2 max /g 2 s in the string theory. If we estimate l according to this equation (with the numerical factor 1/8(2π) 3 taken into account), it becomes ∼ 10 −18 , which is smaller than 10 −16 by two orders. This means that the effect of the quantum fluctuation of the SM fields on the bulk geometry becomes even smaller than the value estimated in the previous paragraph; the change in the exponent of the scale factor of the bulk metric would be only a fraction ∼ 10 −54 .
Appendix : Codimension-2 formalism
Suppose that we have a codimension-2 object(≡ brane C) at the origin( ρ = 0) of the coordinates. As mentioned in Sec.III, the codimension-2 formalism can be obtained from the codimension-1 formalism by replacing the 1d delta-function δ(ρ − ρ 0 )/2πρ with the 2d delta-function δ 2 ( ρ) in the equations of motion. So in the codimension-2 formalism the equations of motion will take the forms 
2 ≡ e (p+1)B/2 V C (Φ) + 1 2
where V C (Φ) is the tension of the brane C. The solution to the above equations of motion takes the form of (38). Substituting (38) into the above equations then gives After all, (A.9) is rewritten as 12) which is just (39) with α M given by α M = c M , showing that the solutions to the equations of motion take the same form irrespective of whether the delta function source is a codimension-1 or a codimension-2 object. Equations (A.7) can be also solved in the same way. We write Z as 13) where Z R and Z I are defined, respectively, by 
